Let B be a real hyperplane arrangement which is stable under the action of a Coxeter group W . Then W acts naturally on the set of chambers of B. We assume that B is disjoint from the Coxeter arrangement A = A(W ) of W . In this paper, we show that the W -orbits of the set of chambers of B are in one-toone correspondence with the chambers of C = A ∪ B which are contained in an arbitrarily fixed chamber of A. From this fact, we find that the number of W -orbits of the set of chambers of B is given by the number of chambers of C divided by the order of W . We will also study the set of chambers of C which are contained in a chamber b of B. We prove that the cardinality of this set is equal to the order of the isotropy subgroup W b of b. We illustrate these results with some examples, and solve an open problem in [H. Kamiya, A. Takemura, H. Terao, Ranking patterns of unfolding models of codimension one, Adv. in Appl. Math. 47 (2011) 379-400] by using our results.
Introduction
Let B be a real hyperplane arrangement which is stable under the action of a Coxeter group W . Then W acts naturally on the set Ch(B) of chambers of B. We want to find the number of W -orbits of Ch(B). A particular case of this problem was considered in Lemma 2.1. ϕ A and ϕ B are both W -equivariant, i.e., ϕ A (wc) = w(ϕ A (c)), ϕ B (wc) = w(ϕ B (c))
for any w ∈ W and c ∈ Ch(C).
The proof is easy and omitted. The following result is classical (see, e.g., [3, Ch. V, §3. 2. Theorem 1 (iii) ]): Theorem 2.2. The group W acts on Ch(A) effectively and transitively. In particular, |W | = |Ch(A)|.
Using Theorem 2.2, we can prove the following lemma.
Lemma 2.3. The group W acts on Ch(C) effectively. In particular, each W -orbit of Ch(C) is of size |W |.
Proof.
If wc = c for w ∈ W and c ∈ Ch(C), then we have ϕ A (c) = wϕ A (c), which implies w = 1 by Theorem 2.2.
For b ∈ Ch(B), define the isotropy subgroup W b := {w ∈ W | wb = b}. Then we have the next lemma. 
The effective part follows from Lemma 2.3, so let us prove the transitivity. Let c 1 , c 2 ∈ ϕ The following lemma states that the W -orbits of Ch(C) and those of Ch(B) are in one-to-one correspondence.
Lemma 2.5. The map ϕ B : Ch(C) → Ch(B) induces a bijection from the set of W -orbits of Ch(C) to the set of W -orbits of Ch(B).
For b ∈ Ch(B) and c ∈ Ch(C), we denote the W -orbit of b and the W -orbit of c by O(b) and by O(c), respectively. It is easy to see that ϕ B (O(c)) = O(ϕ B (c)), c ∈ Ch(C), by Lemma 2.1. Thus ϕ B induces a map from the set of W -orbits of Ch(C) to the set of W -orbits of Ch(B). We will show the map is bijective.
Surjectivity: Let O(b) be an arbitrary orbit of Ch(B) with a representative point b ∈ Ch(B). Take an arbitrary c ∈ ϕ We are now in a position to state the main results of this paper. 2. For b ∈ Ch(B), we have |ϕ
Proof. Part 2 follows from Lemma 2.4, so we will prove Part 1. Since the map ϕ A : Ch(C) → Ch(A) is W -equivariant (Lemma 2.1), we have for each w ∈ W a bijection ϕ
A (a) to wc. Thus every fiber of ϕ A has the same cardinality because W acts transitively on Ch(A) (Theorem 2.2). The cardinality is equal to
By Lemma 2.3, we have
Finally, Lemma 2.5 proves the last equality.
By Part 2 of Theorem 2.6, we can write |Ch(C)| as
where Fix(w, Ch(B)) denotes the number of elements of Ch(B) fixed by w. In the case of the Catalan arrangement, (1) is stated in [18, p. 561] . Next, let x ∈ V \ H∈B H. Let b ∈ Ch(B) denote the unique chamber that contains x. Define the average z(x) of x over the action of W b :
Then it is easily seen that z(x) lies in b because of the convexity of b, and that the map z is W -equivariant. Concerning the structure of W b , we have the next proposition.
Proposition 2.7. The following statements hold true:
1. For any b ∈ Ch(B), the set {z(x) | x ∈ b} is equal to the set of all W b -invariant points of b.
For any
is the unique chamber that contains x. In particular, W z(x) depends only on the chamber b ∈ Ch(B) containing x.
Proof.
1. By the linearity of the action of W on V , the average z(x) ∈ b of x ∈ b is W binvariant: wz(x) = z(x), w ∈ W b . Conversely, the average of any W b -invariant point of b is the point itself.
2. Assume w ∈ W z(x) . Then z(x) = wz(x) ∈ b ∩ wb, which implies b ∩ wb = ∅. Since b and wb are both chambers, they coincide: wb = b. Thus w ∈ W b and we obtain W z(x) ⊆ W b . We also have the reverse inclusion because the average z(x) is W b -invariant by the statement 1.
When W is the symmetric group S m = S {1,...,m} , we have the following obvious fact (Proposition 2.8). Define
The group W = S m acts on V = R m or V = H 0 by permuting coordinates. When W = S m and V = R m or V = H 0 , we agree that this action is considered.
Proposition 2.8. Let W = S m and V = R m or V = H 0 . Then we have
where
, and a permutation σ ∈ S {1,...,m} .
Remark 2.9. Consider the map b → W b from Ch(B) to the set of subgroups of W . Since W wb = wW b w −1 , w ∈ W , this induces a map τ from the set of W -orbits of Ch(B) to the set of conjugacy classes of subgroups of W :
This map τ is not injective in general. See Remarks 3.1 and 3.4.
Examples
In this section, we examine five examples. The first example (Subsection 3.1) is the Catalan arrangement, which has been well studied as a deformation of the braid arrangement. The Catalan arrangement is related to the semiorder introduced by Luce [13] in economics and mathematical psychology as a preference order that accounts for intransitive indifference. The next three examples are taken from problems in psychometrics-the arrangements in Subsections 3.2 and 3.3 (the braid arrangement in conjunction with the all-subset arrangement) appear naturally in the study of ranking patterns of unfolding models of codimension one (Kamiya, Takemura and Terao [11] ), while the midhyperplane arrangement in Subsection 3.4 is needed in examining ranking patterns of unidimensional unfolding models (Kamiya, Orlik, Takemura and Terao [7] ). In all four examples in Subsections 3.1-3.4, the Coxeter group W is of type A m−1 . In Subsection 3.5, we provide an illustration with the Coxeter group of type B m . We also solve the open problem of [11] in Subsection 3.2.
Catalan arrangement
Let W = S m and V = H 0 . Then A = A(W ) is the braid arrangement in H 0 , consisting of the hyperplanes defined by x i = x j , 1 ≤ i < j ≤ m. All the |A| = m(m − 1)/2 hyperplanes form one orbit under the action of W on A.
That is, B is an essentialization of the semiorder arrangement. We have |B| = m(m − 1), and the action of W on B is transitive. With these A and B, the union C = A ∪ B is an essentialization of the Catalan arrangement. Now, as a chamber of A, let us take a ∈ Ch(A) defined by
a :
For this a, we have always
A (a) are determined by the sets of pairs i, j (i < j) such that x i − x j < 1, or equivalently the sets of maximal intervals [i, j] := {i, i + 1, . . . , j} (i < j) such that
It is well known ([23, (1.1)], [6] ) that the number |ϕ 
The W -orbits of Ch(C) are given as follows. Let c i ∈ Ch(C), i = 1, . . . , C m , be the chambers of C which are contained in a in (3):
As was mentioned earlier, each c i , i = 1, . . . , C m , can be indexed by the set of maximal intervals
Next, consider the chambers of B. The elements of Ch(B) are in one-to-one correspondence with the set of semiorders on {1, . . . , m}. Recall that a partial order on {1, . . . , m} is called a semiorder (or a unit interval order) if and only if the poset ({1, . . . , m}, ) contains no induced subposet isomorphic to 2 + 2 or 3 + 1, where i + j stands for the disjoint union of an i-element chain and a j-element chain. The ScottSuppes Theorem ( [19] ) states that a partial order on {1, . . . , m} is a semiorder if and only if there exist x 1 , . . . , x m ∈ R such that i j ⇐⇒ i ≻ j or i = j (i, j ∈ {1, . . . , m}),
Now, a bijection from Ch(B) to the set S(m) of semiorders on {1, . . . , m} is given by
, where is the partial order determined by (4) (5) is equivalent to
where S(m, k) is the Stirling number of the second kind. The number of semiorders, |S(m)| = |Ch(B m )|, in (6) was first obtained by Chandon, Lemaire and Pouget [4, Proposition 12] . In addition, by (6) and 
. By (6) and
As for the W -orbits of Ch(B), we have {W -orbits of Ch(B)} = {O(b 1 ), . . . , O(b Cm )} with cardinality C m , where
Now, let us investigate the case m = 3. The arrangement A consists of three lines in V = H 0 , dim H 0 = 2, each of which is defined by one of the following equations:
and B comprises six lines: Figure 1 ). This chamber a of A contains exactly five (= C 3 ) chambers c 1 , . . . , c 5 of C: ϕ x 2 x 3 1
Figure 1: Essentialization of Catalan arrangement.
Note that c 1 and c 3 are obtained from each other by changing (
Since a ∈ Ch(A) consists of |ϕ In c 1 :
(Recall that for the a in (3), and hence for any c ∈ Ch(C) contained in a, we have never i ≻ j for i > j.) By similar arguments, we can also obtain the semiorders corresponding to b i = ϕ B (c i ) for i = 2, . . . , 5:
See Figure 2 . Again, b 1 and b 3 are obtained from each other by the above-mentioned rule. The chamber b 1 ∈ Ch(B) is divided by the line of A defined by x 1 = x 2 into two chambers of C, |ϕ
. In a similar manner, b 2 is not divided by any line in A; b 3 is divided by the line x 2 = x 3 into two; b 4 is not divided by any line; and b 5 is divided by the three lines x 1 = x 2 , x 1 = x 3 , x 2 = x 3 into six. The isotropy subgroups W b and the W b -invariant points z of b for b = b 1 , . . . , b 5 are given in Table 1 .
We can confirm 
x 2 x 3 1 
In addition, |Ch(B)| = 5 i=1 |O(b i )| = 3 + 6 + 3 + 6 + 1 = 19 in agreement with (7). Remark 3.1. In Table 1 , we find that W b 2 = {1} and W b 4 = {1} (resp. W b 1 = S {1,2} and W b 3 = S {2,3} ) are conjugate to each other, although b 2 and b 4 (resp. b 1 and b 3 ) are on different orbits. The map τ in (2) satisfies Let us investigate the case m = 4. The elements of A are the six planes in V = H 0 , dim H 0 = 3, defined by the following equations:
whereas those of B are the seven planes below: Figure 3 , the planes in (11) are drawn in blue and those in (12) are sketched in red.)
As a chamber of A, let us take a ∈ Ch(A) defined by x 1 > x 2 > x 3 > x 4 (a is shaded in Figure 3 ). This chamber a of A contains exactly four chambers c 1 , c 2 , c Walls of c 1 : Figure 4 ). The chamber b 1 ∈ Ch(B) is divided by the three planes x 1 = x 2 , x 1 = x 3 , x 2 = x 3 of A into six chambers of C, whereas b 2 is divided by the plane x 1 = x 2 into two chambers of C. For b 1 , we have
T , d > 0), and for b 2 , we find Note that the characteristic polynomial χ(C, t) factors into polynomials of degree one over Z for m ≤ 8. 
Note |B| = 2 m − 1. The number of orbits of B under the action of W is m.
We will examine the case m = 3. The arrangement A has exactly the three planes in V = R 3 defined by the same equations as those in (8) . On the other hand, B consists of the seven planes defined by
with each line corresponding to one orbit under the action of W on B. Figure 5 exhibits the intersection with the unit sphere in V = R 3 .
x 1 x 2 0 x 3 0
x 2 x 3 0 Let us take a ∈ Ch(A) defined by x 1 > x 2 > x 3 (a with x 1 + x 2 + x 3 > 0 is shaded in Figure 5 ). Then ϕ Figure 6 . The chamber b 1 is divided by the plane x 1 = x 2 into two chambers; b 2 is not divided by any plane in A; b 3 is divided by x 2 = x 3 into two; b 4 is divided by x 1 = x 2 into two; and b 5 is divided by the three planes x 1 = x 2 , x 1 = Table 2 : W b and z for b = b 1 , . . . , b 5 in unrestricted all-subset arrangement. 2,3} d(1, 1, 1) T , d > 0 Table 2 . We can confirm |W
x 2 x 3 0 Table 2 , we find that
are all conjugate to one another, although b 1 , b 3 , b 4 are on different orbits. We have
so τ is not injective. The chambers b 1 , b 3 , b 4 are triangular cones (triangles in Figure  6 ) cut by a single plane (line) x i = x j from the braid arrangement. However, these chambers are easily seen to be on different orbits, since their three walls (edges) are of different combinations of orbits of B.
For m ≤ 7, we computed χ(C, t) using the finite-field method, and obtained the numbers of W -orbits of Ch(B) as follows:
A (a)| = 112440. Note that the characteristic polynomial χ(C, t) factors into polynomials of degree one over Z for m ≤ 6.
Mid-hyperplane arrangement
Let W = S m and V = H 0 , so A = A(W ) is the braid arrangement in H 0 . We take
so that C = A ∪ B is an essentialization of the mid-hyperplane arrangement (Kamiya, Orlik, Takemura and Terao [7] ). We have |B| = 3 m 4
, and the action of W on B is transitive.
Let us consider the case m = 4. The elements of A are the six planes in V = H 0 , dim H 0 = 3, defined by the equations in (10), whereas those of B are the three planes defined by the following equations: Figure 7 shows the intersection with the unit sphere S 2 in H 0 . Let us take a ∈ Ch(A) defined by x 1 > x 2 > x 3 > x 4 (a is shaded in Figure 7 ). Then ϕ Figure 7 : Essentialization of mid-hyperplane arrangement.
Note that c ′ is obtained from c by changing (x 1 , x 2 , x 3 , x 4 ) to (−x 4 , −x 3 , −x 2 , −x 1 ). We have |ϕ 
which is divided by the three planes x 2 = x 3 , x 2 = x 4 , x 3 = x 4 into six chambers ( Figure 8 ). We find the W b -invariant points z of b to be z = d(3, −1, −1, −1) For m ≤ 10, the characteristic polynomials of C are known ( [7] , [12] ), so we can find the numbers of W -orbits of Ch(B):
3.5
Signed all-subset arrangement 
We have |A| = m + m(m − 1) = m 2 . Moreover, the number of orbits of A under the action of W is two: one consisting of the m hyperplanes in (15) and the other made up of the m(m − 1) hyperplanes in (16) . Let
. The number of W -orbits of B is m − 2.
Let us study the case m = 3. In this case, A comprises the nine planes in V = R 3 defined by
with each line corresponding to one orbit, and B consists of one orbit containing the four planes defined by − x 1 + x 2 + x 3 = 0, x 1 − x 2 + x 3 = 0, x 1 + x 2 − x 3 = 0, x 1 + x 2 + x 3 = 0.
(19) Figure 9 shows the intersection with the unit sphere in V = R 3 . (In Figure 9 , the planes in (17) , (18) and (19) are drawn in blue, black and purple, respectively.) Let us take a ∈ Ch(A) defined by x 1 > x 2 > x 3 > 0 (this chamber is shaded in Figure 9 ). Then ϕ Note that the characteristic polynomial χ(C, t) factors into polynomials of degree one over Z for m ≤ 4.
